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ABSTRACT: We present new supergravity backgrounds generated by N. D5-branes, wrap-
ping the S? of the resolved conifold, in the presence of N ¢ = 2N, smeared flavor D5-branes.
The smearing allows us to take into account their backreaction on the geometry. We dis-
cuss the consistency, stability, and supersymmetry of these types of setups. We find near
horizon geometries that we expect to be supergravity duals of SQCD-like theories with
Ny = 2N,.. From these backgrounds, we numerically extract rectangular Wilson loops and
beta functions of the dual field theory for the regime where our approximations are valid.
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The gauge/gravity correspondence [, f] (for a review and additional references, see [J])

is undoubtedly a powerful tool to study strongly coupled gauge theories.

Within this

framework, the Chamseddine-Volkov-Maldacena-Nufiez (CVMN) [{-f] and Klebanov-
Strassler [[j] backgrounds are landmarks in our understanding of A" = 1 Super-Yang-Mills

gravity duals. These backgrounds have been thoroughly studied and extended in many



ways in an attempt to obtain more realistic models. In particular, since they do not con-
tain fundamental matter, a natural question that arises is how to include dynamical quarks.
The flavor degrees of freedom imply the addition of an open string sector. This is achieved
by adding flavor branes. In the probe approximation [§, a small number of flavor branes
is added to the background and a new, tunable scale m, appears in the problem, leading
to interesting effects in the predicted meson spectra, the understanding of chiral symmetry
breaking and phase transition [fJ]. But in order to neglect the backreaction of the flavor
branes, we are bound to take Ny/N. — 0, in the large N, limit, and thus, some of the
SQCD physics will not be captured by this approximation. Recently, Casero, Nufiez, and
Paredes [@] proposed a procedure to add a large number of flavors, Ny/N. ~ 1, to the
CVMN background. The idea is to introduce Ny flavor branes that extend along the same
341 gauge theory dimensions as the N, color branes that generated the background, wrap
an appropriate cycle and are smeared along the other angular directions.! In [I(] the au-
thors proposed this setup, solved the BPS equations asymptotically (for small and large
values of the radial variable) and studied several gauge theory aspects of the solutions.
This first step in the quest of a SQCD dual has opened a plethora of issues to be studied,
tested, and understood.

In the present work, we find new families of supergravity solutions for the particular
case of Ny = 2N.. We consider flavor branes extending along all non-compact directions
and wrapping a trivial cycle in the compact space. We remark on the consistency, study the
stability and supersymmetry of this embedding, and present several families of solutions.
We find two two-parameter families of solutions and are able to write analytic expressions
for them in certain regions. We also find a one-parameter family of solutions that we can
only study numerically. The Ny = 2N, solution presented in appendix D of [Ld] is included
in our solutions. Our study of the Ny = 2N, solutions is based on solving BPS equations.
As such, all solutions presented are supergravity solutions, but not all of them are dual
to gauge theories. The near-horizon geometries that are dual to SQCD-like theories are
contained within our solutions. We identify them as the above-mentioned one-parameter
family and calculate the Wilson loops and beta functions for these backgrounds.

The paper is organized as follows: In section [, we briefly review the CVMN back-
ground, a supergravity background dual to N'=1 SYM in four dimensions. We then sum-
marize the procedure proposed in [[[(] to include a large number of smeared flavor D5-branes
into this background taking into account their backreaction on the geometry. In section [,
we examine the validity of this approach and discuss some subtleties. We then describe in
detail a new set of solutions to the BPS equations for Ny = 2N,. In section [, we study field
theory quantities: we calculate the Wilson loops and beta functions of these solutions. We
conclude in section ], pointing out some issues and extensions that deserve further study.
In appendix [A], we analyze the stability of a probe D5-brane in the CVMN and in our
backreacted background. In appendix [B, we derive the BPS equations for our particular
setup following [[[] and show that a single probe brane in this backreacted background is

The same technique has been used to embed a large number of flavor branes into the Klebanov-
Witten ﬂﬂ] and Klebanov-Strassler @] backgrounds.



kappa symmetric. In appendix [J, we present the derivation of the analytic solutions.

2. Review of previous work

In this section, we review the CVMN background as well as how to embed a large number
of flavor branes into this background following [I0]. The CVMN background was found by
Chamseddine and Volkov [[l, f] and later interpreted by Maldacena and Nufiez as the
near horizon geometry of a large number of NS5- or D5-branes wrapping an S?. Modulo
the usual subtleties involving Kaluza-Klein modes it is dual to pure N’ = 1 SYM in four
dimensions [ff]. The construction in [I(] allows the embedding of a large number of flavor
branes into this background. This leads to a new supergravity background conjectured to
be dual to N'=1 SQCD with a large number of flavors.

2.1 The Chamseddine-Volkov-Maldacena-Nunez (CVMN) background

In two nice papers, Chamseddine and Volkov found a monopole solution to SU(2) x SU(2)
gauged supergravity in four dimensions [], and lifted it to a solution of ten-dimensional
supergravity [[]. The significance of this solution was not understood until Maldacena and
Nunez rederived it as the near horizon geometry of NS5-branes whose worldvolume was
compactified on an S? and noticed that as such it should be dual to pure A" =1 SYM in
four dimensions at low energies [§].2

This can be understood as follows. As is well known, in the UV, the correct description
of parallel NS5-branes is given by little string theory (LST) [Ig, [ (for a brief review and
additional references, see [L§]). In the IR, the S-dual picture involving parallel D5-branes
is more appropriate [[[9]. Their low energy degrees of freedom are described by (5 + 1)-
dimensional SYM with sixteen supercharges. If two of the directions of the brane wrap
a compact manifold, then, at low energies, the degrees of freedom of the D5-branes are
described by a (3 + 1)-dimensional gauge theory. However, if this 2-manifold is curved, in
general supersymmetry is not preserved. In the CVMN solution, the 2-manifold is chosen
to be a sphere.? Therefore, in order to preserve some supersymmetry, the normal bundle
of the brane has to be appropriately twisted [BJ]. For the twist chosen, four supercharges
are preserved and the low energy degrees of freedom of the branes are described by pure
N =1 SYM in four dimensions.*
Notice again that this supergravity solution will only be dual to a four-dimensional field
theory at low energies (i.e., for small values of the radial coordinate). At higher energies,
the modes of the gauge theory start to explore the S2, and the theory first becomes six-
dimensional N' =1 SYM and then, at even higher energies, the blowing-up of the dilaton
forces us to S-dualize and a little string theory completes the model in the UV.

2This was further supported by the more detailed analysis in [@7 @]

30ther topologies for the 2-manifolds are possible and are dual to A’ = 1 SYM with matter in the adjoint
representation [@]

“In our discussion, we have been somewhat careless about the fields describing the motion of the brane
in the transverse directions. These acquire a mass due to the twist and disappear from the spectrum at low
energies.



The corresponding supergravity solution, after lifting it up to ten dimensions, has the
topology of R13 x R3 x §3.° The metric in the Einstein frame reads

1
o/gsN,

1
ds?y = o/ gsNe?/? dmig + M (df? + sin? 0dp?) + dr? + Z(w“ —AY? ., (20)

where ¢ is the dilaton. The angles are spherical polar coordinates 6 € [0, 7] and ¢ € [0, 27)
parametrizing a two-sphere. The w® are the SU(2) left-invariant one-forms on the S2,

w' = cosdh + sin 1 sin édcﬁ,

w? = — sin1hdf + cos 1 sin Adep, (2.2)

w? = dip + cos 0d¢,
where 9~, ¢, 1) are Euler angles on the 3-sphere with conventions chosen such that 0 < 6 < m,
0 < ¢ <2mand 0 < ¢ < 4n. The twisting is achieved by choosing an embedding
of the nontrivial U(1) part of the spin connection into the R-symmetry group SO(4) ~

SU(2)r x SU(2)r (the group of isometries of the $3).5 The connection one-forms A®
(a =1,2,3) can be written in terms of a function a(r) and the angles (8, ) as follows

Al = —a(r)d, A% =a(r)sinfdp, A3 = —cosfdy. (2.3)

For the metric ansatz (B.1), one obtains a regular supersymmetric solution when the func-
tions a(r), h(r) and the dilaton ¢(r) are

2r

= — 24
a(r) sinh 27’ (2.42)
M) = 1 coth 2r — L - l, (2.4b)

sinh?2r 4
2¢h

—2¢(r) _ ,—2¢0 2.4

€ € sinh 27’ (2.4c)

where ¢y is the value of the dilaton at » = 0. Near the origin 7 = 0 the function e2" behaves
as e?" ~ 72 and the metric is non-singular. The solution of the type IIB supergravity

requires a Ramond-Ramond three-form F(3) given by

1
o/gsN,

1 1 1 2 2 3 3 1 a a a
Fs) :_Z(w — A A (w* = AP A (w’ - A )+Z%:F A (w® — A%, (2.5)
where F'* is the field strength of the SU(2) gauge field A%, defined as
F* = dA® + %eabcAb A A (2.6)

The different components of F'* read

F'= —d'dr Ndf, F?=d'sinfdr Adp, F>=(1-a?)sinfdf A dy, (2.7)

®At first sight the metric suggests R x R x §? x §% topology. A more careful study shows that the
singularity at 7 = 0 is merely a coordinate singularity and that the solution indeed has R™3 x R3 x §3
topology.

A different embedding is possible leading to a theory with A/ = 2 supersymmetry [E, @]



where the prime denotes the derivative with respect to r.

Let us stress that this configuration is non-singular. We should point out that there is
a one-parameter family of singular non-abelian solutions that interpolates between this
regular non-abelian solution and the singular abelian solution of [f] with a(r) = 0. This
family was first found in [[[J].

2.2 Adding flavor to the CVMN background

A possible way to add flavor to the CVMN background is to consider supersymmetric em-
beddings of flavor D5-branes that extend along the Minkowski directions, along the radial
direction, and along a trivial cycle inside the compact directions [[[J]. The analysis in [[[J is
done in the probe approximation along the lines of the original work by Karch and Katz [g],
i.e., the number of flavors is taken to be much smaller than the number of colors, Ny < N,
and thus the backreaction of the flavor D5-branes can be neglected.
Casero, Nunez, and Paredes [E] went one step further and presented solutions that incor-
porate the backreaction of the flavor D5-branes. The geometries they construct depend
on the ratio x = Ny/N,, which can be kept of order one. They are singular at the origin,
but the singularity is a “good” one according to the criterion in [R3], which means that
the metric component g; remains finite in the limit » — 0. Everywhere else, the geom-
etry is smooth and the curvature small as long as gs;N. > 1, as discussed below. These
backgrounds are conjectured to be dual to NV = 1 SQCD in four dimensions with a large
number of flavors, up to the same caveats concerning the decoupling of the KK modes that
were already present in the discussion of the original CVMN background without flavor.
The general strategy is the following [[0: One introduces a deformation of the CVMN back-
ground due to the presence of flavor D5-branes, derives the corresponding BPS equations
(see appendix B of [[L(]), then attempts to solve them. The flavor D5-branes are taken to
extend along the (20, 2!, 22, 23,4, r) directions and are smeared” over the @, o, é, @) direc-
tions. These branes can be shown to preserve the same supersymmetry as the background
for arbitrary values of the angles 6, ¢, 0, ¢ [1J]. Moreover, the smeared flavor branes will
be sources for the RR 3-form, resulting in RR fluxes in the deformed background that can
be observed as a “violation” of the original Bianchi identity.

To this end, one introduces an ansatz for the deformation of the CVMN background
(H)y =0, Fz) =0)

ds?y = e21(7) [dxig + dr? + M) (d6? + sin? Odp?)+ (2.8)

e29(r)
4

e2k(r)

((wl +a(r)dh) g (w®—a(r) sin 0d<,0)2) + (w3 4-cos Bdy)? | ,

where we have set o/gs = 1 and N, has been absorbed into e2* e%9,e?* and dr?. The
dilaton is given by ¢ = 4f. The left-invariant one-forms w® on S® are the ones given

"The process of smearing will be explained in detail in section E



in (2.9). The RR 3-form field strength reads
Figy = % [— (0! 4+ b(r)df) A (w? — b(r)sindep) A (w® + cos Odep)
+b'dr A (—df A w' + sin fdyp A w2) +(1- b(r)z) sin 0df A dp A w3] , (2.9

and automatically satisfies the Bianchi identity dF(3) = 0.
It is convenient to introduce a basis of vielbeins for the above metric ansatz (2.§)

e = el dat, el = %e”g (w' +a(r)dd),
e =eldr = e/ dp, e = %eﬂ'g (w2 — a(r)sinfdyp) , (2.10)
e = elthap, ed = %eﬂ'k (w3 + cos Hdgp) ,
e = e/ TP sinfde.
The new radial coordinate p is related to r by dp = e #")dr and turns out to be convenient

in subsequent computations. Written in this basis, the RR 3-form field strength becomes
Fl3) = —2N, e 3729 kel A2 A e 1 zcb’e_?’f_g_h_kep A(—e? Nel +ef Ae?)

N,
+ 706_3/[_2}‘_1“(&2 —2ab+1)e? Ae? AP (2.11)

+ N 3797k — a)(—e? Ne? + e Ae?) AeP.

To be able to account for the backreaction of the flavor branes, the action has to be
augmented by the DBI and Wess-Zumino actions for the flavor D5-branes. The complete
action then reads

S = Sgrav + Sﬂavora (212)

where, in Einstein frame, we have

Sgrav = 2 le T+/—9(10) < M¢ (8“(25) - _6¢F(3)> (2'13)
F(0)
and
Ny
Sﬂavor = T5 Z <_ d6$e¢/2 _9(6) +/ P [C(G)]) . (214)
Mg Me

One of the effects of smearing the Ny — oo flavor branes along the two transverse
2-spheres is that there will be no dependence on the angular coordinates (6, ¢, 0, @) of the
functions f(p), h(p),g(p) and k(p) that determine our metric ansatz (B.§),® significantly
simplifying the computations. After the smearing we can write

T5N;

Shavor = Tom2 <—/d10:17 sin @ sin fe?/? —396) + /Vol(y4) A 0(6)> , (2.15)

8The validity of this will be discussed in section .



with the definition Vol(Ys) = sin @ sindf Adp Adf Adp. Once the smeared flavor D5-branes
are incorporated into the background, the Bianchi identity for F{s) (which is identical to
the e.om. for Cs)) gets modified to

N _ _
dF3) = Tf sin 0 sin 8d6 A do A dO A dp, (2.16)

as a result of adding a Wess-Zumino term. This can be solved by adding the following
term to the original F3 in (R.9):

N N
Flver = _Tf sin0df A do Aw® = —Tfe‘?’f‘?h"“ee Ne? Ae. (2.17)

The full RR 3-form field strength now reads
N,
F3y = —9N,e 37297kl A g2 p e + {b'e_gf_g_h_ker A (—ee Ael 4 e? A €2>

N,
+ fe_gf_%_k (a® —2ab+ 1 —z) ! Ne? A e (2.18)

+ Noe 3797k —q) <—e€ Aer el A e“o> Aed,

where the only modification is the appearance of the term involving x = %—’: in the second
line. The first order BPS equations for this ansatz (see appendix B, [[[(]) can be partially
solved, yielding

(2 —a)p
b(p) = —= 2.1
(p) Sll’lh(2p) ) ( 9&)
N, 2 h(2p) — 2
29— Ne bcosh(2p) —I-xy (2.190)
2 acosh(2p) —1
on _ €Y 2
et = I(2a cosh(2p) — 1 —a“), (2.19¢)
leaving us with (coupled) differential equations for a(p), k(p) and f(p)
2 2¢** — Nt (acosh2p—1)2
= — inh 2p — 2 2.2
Ot 2p coth 2p < 2N, — Ny sinh 2p TaTsinh2p a,o> ’ (2.202)
2 2€2k + Nf
= inh 2 h2p—1 2.2
Ok (2p coth 2p)(1 — 2a cosh 2p + a?) <2Nc — Ny asinh 2p(acosh2p — 1)+ (2:200)
inh 2
+2p <a2 B2 cosh 2p — 2a cosh 2p + 1>> )

(=1 + acosh 2p) sinh =2 2p
4(1 4 a? — 2a cosh 2p)(—1 + 2p cosh 2p)

O,f = (2.20¢)

4
X <—4p + sinh 4p + 4ap cosh 2p — 2a sinh 2p — 5 asinh® 2p> .
Equations (R.2(]) can be solved numerically for x # 2. A detailed discussion of the solutions
along with asymptotic expansions can be found in [[[0], 4]. Note that the equations (.20)
are not valid for x = 2. In this case (cf. appendix D of [[l(]), equation (2.194) implies that



in the limit x — 2, we have b(p) = 0. Furthermore, the authors in [[I(] observe from their
numerical solutions that a(p) asymptotes to 1/ cosh 2p in the limit  — 2. In appendix [B,
we derive the BPS equations for b(p) = 0. For

1
"= T (2.21)
they reduce to
=9 = %tanh 20, (2.22a)
9,9 = — N, | (2.22b)
9,k = —(e** + N.)e "9 4 2coth 2p,, (2.22¢)
0y = 40,f = Noe 97", (2.22d)

Solving this system of equations will be the topic of subsection B.3.

As an aside, let us also briefly discuss yet another solution to the BPS equations (R.19)
and (R.2() for x = 2 that was found in [I(] by embedding a large number of flavor branes
into the singular CVMN background. As discussed above, it follows from equation (R.194)
that b(p) = 0. It is consistent to set a(p) = 0 as well.? In [0 the solution to the BPS
equations is found to be

€2h = &7 629 = 4NC s
£ 4-¢

where 0 < £ < 4. The corresponding Einstein frame metric has a singularity for p — 0.

=N, ¢=4f =o+p, (2.23)

However, this singularity can be smoothed out by turning on a temperature in the dual field
theory, thus finding a black hole solution. The black hole temperature turns out [R3,
to be reminiscent of the Hagedorn temperature in little string theory. Therefore, it seems
that this solution is dual not to a field theory but to a little string theory.

3. New supergravity solutions

In this section we consider the inclusion of a large number of flavor branes into the CVMN
background for the special case of Ny = 2N.. We discuss the validity and shortcomings
of the smearing approach in subsection B.I] before solving the BPS equations (R.29) in
subsection B.3. In subsection B.J, we discuss properties of our solutions.

3.1 Including a large number of flavor branes

We take the flavor branes to extend along the x*,1, p directions and place them at fixed

values in the 0, ¢, 0, o directions. The branes are taken to extend along the non-compact

°The two classes of solutions could be named abelian for a(p) = 0 and non-abelian for a(p) = 1/ cosh 2p
in analogy with the abelian and non-abelian CVMN backgrounds. We expect that there should again be
a one-parameter family of solutions interpolating between the two, analogous to the one-parameter family
interpolating between the abelian and non-abelian CVMN background found in [E]



p direction because we want to send their ’t Hooft coupling to zero. For our flavor branes,
2(27)%\/a’gs N,
Vol(St) 7

where Vol(S') is the dimensionless volume of the 1/-direction wrapped by the branes. For

we have

A= (3.1)

energies small compared to the inverse size of the S, this coupling determines the inter-
action between the five-dimensional gauge fields living on the flavor branes and the quarks
living on the four-dimensional intersection of the color and flavor branes.'® When taking
the near horizon limit, we take o/ — 0 to decouple open and closed string modes while
keeping g5 N, large but finite in order to be able to trust the supergravity approximation.
In this limit, the interaction between the quarks and the five-dimensional gauge fields dis-
appears, and we obtain SQCD with a global flavor symmetry. Note that this would not be
possible if the flavor branes wrapped a compact 2-cycle.

As mentioned above, we have to include the DBI and Wess-Zumino actions (2.14) for the fla-
vor branes. Using delta functions these can be written as integrals over the ten-dimensional
spacetime. However, it is technically difficult to solve the equations of motion containing
delta functions. We therefore invoke a ‘smearing’ process, first proposed in [R7]. If the
purpose of this smearing process is to preserve supersymmetry, we have to ensure that all
the branes at different positions in the transverse space preserve the same supersymmetry
as the background. This was checked in [[[3J] and can easily be seen from the results in ap-
pendix Bl Formally, this smearing process can be thought of as follows: As is well known,
the delta function can be written as an infinite sum using the completeness relation for the
eigenfunctions of the Laplacian on the space transverse to the branes. The smearing cor-
responds to truncating this sum to the zero mode. Intuitively, however, one might want to
evenly distribute a very large number Ny of branes over their transverse directions, in our
case the 6, @, 0, ¢ directions. It is not immediately apparent that these two prescriptions
are equivalent. To check this, one should make an ansatz for all the fields in the type IIB
action, the DBI action, and the Wess-Zumino action that depends on the positions of all
the branes. One can then expand all fields and the delta functions in two sets of spherical
harmonic functions corresponding to the two sets of coordinates, 6, ¢ and é, ». The hope
is then that there exists a consistent truncation to the zero modes and that in the large Ny
limit, the contribution of the higher modes is negligible. This seems plausible because of
the homogeneous distribution of a very large number of flavor branes. In this paper, we do
not attempt to verify this hope, but rather try to provide some checks that indicate that
the interpretation of our solutions as being dual to N’ = 1 SQCD might be consistent. Note
that our solutions are supergravity solutions with N' = 1 supersymmetry since we solve the
BPS equations. However, to conjecture that they are dual to a gauge theory would require
that the smearing prescription provide a valid approximation to the brane configuration.
Before we move on, some more comments on the consistency of our setup are in order. The
flavor branes extend along all non-compact directions. Gauss’s law then implies that these

10Tt should be noted that the symmetry is formally a global symmetry because of the presence of a
non-compact direction, but there still is a non-vanishing interaction between the quarks due to their charge
under this symmetry, unless Ay = 0.



branes cannot carry a net charge. As in [§], we accomplish this in our setup by wrapping
the branes around a topologically trivial cycle in the compact space that carries no flux.
To be more specific, our flavor branes wrap the Hopf fiber, i.e. an S! inside the S®, which
is clearly trivial. Most stable D-brane configurations are stable precisely because of the
charges they carry. We should therefore ask whether these flavor branes will not simply slip
off the S3. A stability analysis shows that the slipping mode for a probe brane embedded
into the CVMN background in this way does indeed have a tachyonic potential as expected,
but it is in fact stabilized by effects similar to those observed in [2§, R9. In other words,
there exists the analogue of a Breitenlohner-Freedman bound in this geometry. Further-
more, one can show [ that the embedding is kappa symmetric, which implies that the
configuration we would like to smear is not only stable but also supersymmetric [B({].!! For
the interested reader, the stability analysis is carried out in appendix [].

To verify that the new background taking into account the backreaction of the smeared
flavor branes still preserves the same amount of supersymmetry as the CVMN background,
we show in appendices [A] and [ that an additional probe brane extending along z*,v, p
and at fixed 0, go,é, @ is still both stable under small fluctuations and kappa symmetric,
implying that the system is indeed supersymmetric [B{].

Since we are placing our flavor branes at different positions in the transverse space, they
support a U(l)Nf and not a U(Ny) gauge group. However, at energies small compared
to the inverse size of the compact transverse space, the theory will not be able to resolve
the transverse space and should effectively behave as a theory with U(Ny) symmetry. Our
compact directions must therefore be large enough to trust supergravity but also small
enough that, at the energies we are interested in, we can neglect KK modes and have a
U(Ny) flavor symmetry.

3.2 Solutions of the BPS equations for Ny = 2N,

In this subsection we present new supergravity solutions describing Ny = 2N, smeared
flavor branes in the CVMN background, extending the result in appendix D of [[L]].
Our metric ansatz is (B.§)

ds?, = 2f(r) <dm%73 + e2kP)dp? 4+ 2P (dh? + sin® Odp?) (3.2)
29(p) 2k(p)
+5 1 ((wl +a(p)d0)2+ (w® — a(p) sin 9d<p)2) +< (w®+-cos 6dg0)2 ) ,
where a(p) = —1 5, and the w® are given in (). The RR 3-form in the vielbein

basis (2.10)) is

N,
Figy = —ON e 37207kl A e2 A3 4 ?ce_3f_2h_k(a2 — 1)69 Ae? Aed

+ Noae 3/=9-h=Fk <€9 Ae*+ef A el) A e (3.3)

"The fact that the brane probe is a solution of the worldvolume equations of motion together with kappa
symmetry already implies supersymmetry.

— 10 —



The BPS equations are derived in appendix [B and reduce to e~9 = %tanh 2p,

ap€h+g = €2k - NCa (3.4&)
Dok = —(e% + Nc)e_h_g + 2 coth 2p, (3.4b)

and
Opp = 40, f = Nee 97, (8:5)

Note that the N, dependence of the solution is trivial since rescaling e?* and e9t" by a
factor of N, eliminates N, from the equations.

Once a solution to the coupled first order equations (B.4) is found, the dilaton ¢ can be
obtained by integration of (B.5). The equations (B.4) do not seem to allow us to write the
general solution in a closed analytic form. The equations can easily be solved numerically
and there are in fact a number of things that can be done analytically. We can find an
analytic solution valid for small values of p in the form of a power series. To leading order
the solution takes the form

9" /N, = po — p, (3.6)
2 /N, = (" )2, (3.7)

p1
implying that, at least for all solutions of this form, e?* goes to zero for small p.

Instead of studying the small p behavior, we can find closed analytic expressions approxi-
mating the two-parameter family of solutions to the equations (B.4) in the following regions:

Region I: ek < N,
Region II: eIth > N, % (3.8)
Region III: et > N,

These regions, together with some examples of numerical solutions, can be seen in figure [il
There are two qualitatively different two-parameter families of solutions. For small values
of p both start out at e?* = 0, 9" /N, = py. For large p one of the families crosses

ek = %ngrh — % and then approaches it from above. The other family reaches a singu-
larity at e2¥ = e9" = 0 for a finite value of p. For py < p. ~ 1.6, we can make a further

distinction among the singular solutions. For given pg < p. and large enough values of p;

the function e9+"

decreases monotonically while below a certain value of p; the solutions
describe a loop in the e?*-e91" plane. A schematic plot showing the different regions in the
po-pr parameter space corresponding to the three classes of solutions is shown in figure B
The singular and non-singular two-parameter families are separated by a one-parameter
family that approaches e?* = e9t" = N, for p — co. In fact, it asymptotically approaches

the ¢ = 2 solution found in [[[d] and given above in equation (.23).!? This one-parameter

20ne might ask whether our solutions can be generalized so that they asymptotically approach so-
lutions of [l0] with other values of £ It turns out there are no such solutions This can be seen from
equations ), () One class of solutions are the ones with B = 0. This immediately implies a = 0
and these are the solutions presented in and allow for & # 2. The other class of solutions has B # 0.
These necessarily approach the & = 2 solution.

— 11 —
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Figure 1: This plot shows examples of numerical solutions of the above system of equations (@)
as well as the regions in which the equations can be solved analytically. We plot three solutions
starting at both e9*" /N, = py = 1/2 and e9*" /N, = py = 2 and one starting at e9*" /N, = py = 5.

family will play a special role as discussed in the next subsection.

The analytic solutions discussed below comprise two-parameter families originating
from Region I as long as they remain inside Regions I, II, or III for all p as well as a
one-parameter family contained entirely in Region III. We will merely summarize these
analytic solutions in this section and refer the interested reader to appendix [ for a
detailed derivation.

Unfortunately, we were not able to find an analytic solution for the one-parameter
family separating the two two-parameter families. We will therefore have to study them

numerically in the next subsection.!3

130ne particular solution of the one-parameter family of solutions ending at the point e?* = e9™h = N,
and coming from the overlap of Region I and II was already found in appendix D of @]
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Figure 2: This plot shows the regions in the py — p; parameter space corresponding to different
classes of solutions. Both shaded regions correspond to the solutions with a singularity at finite
p. For the region shaded in lighter gray e9*" is monotonically decreasing. The region shaded in
darker gray corresponds to the solutions describing a loop in the e2¥-e9+" plane. The white region
corresponds to solutions that approach e?* = %ngrh - % for large p.

The solutions contained in region I. For e?* <« N, we can solve the BPS equa-
tions (B4) to first order in e?*. The solution is

1 1 .
eI N, = po—p+ G2 <Z (14 8(p — po)? sinh 4p) (3.9)
8
— (p = po)coshdp — po + gp(pz — 3ppo + 3p3)> :
: 2
2% sinh 2p p
N, = 1—— . 1
e/ < 2pr < p0>> (3.10)

For this solution to be entirely contained in Region I we need to impose e** < N, for all
p. Note that this solution does not only have a singularity at p = 0 but also a second one
near p = pg. At the singularity at p = 0, the dilaton and the metric component gy both
go to a constant. On the other hand, both go to infinity at the other singularity. It is not
clear whether these solutions can be given a physical interpretation.

The solutions starting in region II and ending in region III. For a somewhat
limited choice of initial conditions, meaning pg > 1 and pr < 1 or pg, pr > 1, we can find
a closed form for the analytic solution approximating the solution starting in the overlap
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of Region I and II and ending in Region III. For p; < 1 and pg > 1, we find

1
1 3 3
eI N, = po (1 = Spopt? <3p ~ 1 sinh 4p>> , (3.11)
. 2 —2
2%k sinh 2p 1 3 . 3
N, = 1——3p— —sinh4 3.12
N ( 2p1 ) ( 8popr® \ 70T 1T ’ (3.12)

while for ie%o > pr > 1 and pg > 1 the solution is

g+h 3¢t N3
e9T"/Ne = po [ 1+ 6dpop2) Py (3.13)
% sinh 2\ 2 et \ 75
N, = 14 ——= . 3.14
N < 2p; > < +64pop12> (314

The dilaton behaves like ¢g + p/pp for small p and approaches a constant for large p.
The parameters pg, pr, and ¢(0) can be chosen so that e®(") remains small for all p. As
discussed below, we think that these solutions describe the geometry generated by the color
and flavor D5-branes. For somewhat less restrictive initial conditions, the matching can
still be done using piecewise defined functions that give a slightly better approximation to
the numerical results. This is described in more detail in appendix [J.

The solutions contained in region III. Solving the equations for e?* > N, by ne-
glecting N, in the BPS equations (B.4), one finds

eIt /N, = A (8B — 12p + 3sinh 4p)3 (3.15)
Asinh? 2
e /N, = sAsmh’2p (3.16)
(8B —12p + 3sinh4p)3

For this solution to be entirely contained in Region III, we need to demand that e** > N,
for all p. In particular, this has to hold in the limit p — 0, which implies B = 0. After

[

making the identification A = —+, this solution can be seen to correspond to the deformed
3

233

conifold [B]]
3 (sinhdp — 4p)3
3 _
eth y, = € (Sinhdp —4p)s (3.17)

23

23 sinh? 2p

(sinh4p — 4p)% .

4
3

ek /N, = Ze (3.18)

2
3
The dilaton again approaches a constant for large values of p. The integral diverges for
small p. We could absorb this divergence into the integration constant, or equivalently we
can limit ourselves to large enough values of p, i.e. introduce a cutoff. It is clear that the
solution cannot be analytic for small p since we saw that for analytic solutions e?* goes
to zero for small p as p?. In order for it to be contained entirely in Region III we require
€ > (%)% ~ 1.
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3.3 Discussions of the solutions and the decoupling limit

The two-parameter families of solutions reaching the point e2* = e9™" = 0 for finite p = p,
are singular both at p = 0 and at p = ps. The Ricci scalar close to the singularities scales
as 1/p? and 1/(p— ps)?, respectively. We do not know whether these solutions are physical.

e2k — %eg—l—h _ Ne

For the two-parameter family of solutions that approaches = as p — 0o we

can write the metric for large p as

2
ds? = o/ gsN,, e9>/? <% +dr? + 7‘2d8%11> , (3.19)
where we defined a new radial coordinate r ~ /3 and where ds%11 is the Einstein metric
on the homogeneous space (SU(2) x SU(2))/ U(1)diag- So, for large values of the radial
coordinate, the metric approaches a product of Minkowski space and the singular conifold.
As p goes to zero, the geometry is singular and the Ricci scalar diverges like 1/p%. This
should be compared to the usual 1/p divergence for flat D5-branes. We attribute the
discrepancy to the way in which the flavor branes are embedded. According to the criteria
developed in [BJ] the solutions should still be accepted as physical since the g;; component
of the metric remains bounded as p approaches zero. The dilaton increases monotonically
with p and for large values of p approaches a constant, ¢o. So, as long as g;N. > 1, the
Ricci scalar is small for all large enough p, and, if g; < 1 as well, this means that the
supergravity approximation is valid. We believe that these solutions describe the geometry
generated by the N, color branes in the presence of Ny = 2N, smeared flavor branes.

These two two-parameter families are separated by a one-parameter family that approaches
e?k = e9th = N, for p — oco. This situation of having two classes of solutions separated
by ‘special’ solutions should be familiar from, e.g., the Klebanov-Tseytlin solution [B3.
There one has an integration constant by. For by < 0, one finds solutions that have
a second singularity for finite value of the radial coordinate. For by > 0 the solutions
describe the geometries generated by the brane configuration. For by = 0 one obtains
special solutions describing the corresponding near horizon geometries. Before fixing the
boundary conditions at infinity a similar behavior can be observed for a stack of Dp-branes
in flat space. This leads us to the conclusion that our one-parameter family separating the
singular and non-singular two-parameter families describes the near horizon geometry for
our brane setup and should be dual to ' = 1 SQCD with Ny = 2N,. Due to the singularity
at p = 0 we should impose an IR cut-off. There must also be a UV cut-off because of the
presence of Kaluza-Klein modes. These become important as the energy increases. At
even higher energies the theory becomes six dimensional and has a little string theory as
its UV completion. We should note that it is not clear that the IR and UV cut-off are even
compatible (in the sense that all approximations are valid) but we find that, at least for
a certain range of initial conditions, this is the case. In the next section, we study Wilson
loops and beta functions for these solutions to support our interpretation. Unfortunately,
we do not have an analytic expression describing these geometries because the near horizon
limit takes us out of the regime where our approximations (B.§) are valid. We therefore
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Figure 3: This plot shows representatives of our one-parameter family of solutions separating the
singular and non-singular two-parameter families starting at e9*" /N, = pg = 0.1,0.5,1,1.4,2 and
e?k = 0. Longer dashes correspond to larger po values.

study these solutions numerically. Figure [ shows a few examples of this one-parameter

family of solutions.
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4. Field theory

In this section, we will use the gauge/gravity duality to study rectangular Wilson loops as
well as beta functions of the field theories dual to our supergravity solutions.

4.1 Wilson loops

As usual, the Wilson loop for two non-dynamical quarks can be computed by evaluating
the Nambu-Goto action of a fundamental string with appropriate boundary conditions on
shell [B4, B5. We will parametrize the string world sheet by t = 7, 2 = ¢ and p = p(0).
Consider a quark and an antiquark separated by a distance L along the z-direction in
gauge theory coordinates. The energy and length of the string can be given as functions of
p, where p is the minimal coordinate distance between the worldsheet and the singularity.
In the string frame these become

P #(p)
= 2/a/gs (" ¢ d /7 4.1
2 “9 / ‘ v/ e20(p') — e26(p) P (4.1)
e20(p")+k(p")
E _9 ¢(p’)+k(p’)d ap 4.9
(P) = 271\/ < v/ e20(0") — o26(p) a ‘ p (42)

where P is a cutoff that can be taken to infinity at the end of the calculation. We will study
these integrals numerically and must work with a large but finite cut-off. We have checked
that the cut-off is large enough to make our results cut-off independent. The results can
be used to obtain a relation E(L) = Vyg(L). We will calculate the Wilson loops for the
same set of parameters as shown in figure ] above. For solutions with py < p. ~ 1.6 we
find that L(p) has a maximum at p comparable to the value of p for which the supergravity
approximation breaks down. This is shown in figures ] and . For py > p. ~ 1.6 L(p)
approaches \/o/gs N7 from below.'  We can only trust the results of our calculations in a
regime where the string worldsheet is entirely contained in regions where the supergravity
approximation is valid and the KK-modes are negligible. The scale at which the KK-modes
become important was identified in [[(] as the value of p for which L(p) reaches the value
L() = m/d’gsN.. For all solutions, this occurs around p ~ 2.5. The value of p above
which the curvature is small and supergravity can be trusted depends on the particular
solution. The Ricci scalar for some representatives can be seen in figure f|. For pg < p., the
curvature is small for p 2 1.2, while for large py we can only trust supergravity for p 2 po.
Note that this means that for pg = p. ~ 1.6 there is no regime in which both supergravity
can be trusted and the KK-modes can be neglected. For small py we can trust our results
for 1.2 < p < 2.5. The quark-antiquark potential extracted from these Wilson loops for
this range of the radial variable is shown in figure [§. Over the range of radial variable p
for which our approximations are valid, the function L(p) is a monotonic function of p and
we do not observe any signs of pair creation. We should not try to interpret the maximum
in L(p) in any way since it occurs for values of p where the supergravity approximation is

1 Using the large p behavior of our solutions, namely that e — N, and e® — e®0°_ it is straightforward
to check that for large p we have L(p) ~ 2v/a’gsNe fo =mva/gsNe .

2p1
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We have dashed the lines so that longer dashes correspond to larger pg values and py takes the
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Figure 5:
0.1,0.5,1,1.4,2. Again longer dashes correspond to larger py values. The Ricci scalar has a maxi-
mum at a p value which is comparable to the value for which L has its maximum if pg < p. ~ 1.6.

no longer valid and one should expect stringy corrections to alter the behavior of L(p) for
small p. We do think that the dual field theory contains dynamical quarks and their effects
should certainly be observable on the supergravity side but we think that pair creation in
our models occurs in a regime where stringy corrections can no longer be neglected. One
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Figure 6: The quark-antiquark potential for pg = 0.1,0.5,1,1.4. E is given in units of ed);ri\}%\[c

and L in units of v/a/gsN,.

might speculate that L(p) remains monotonic for all values of p once stringy corrections are
taken into account and that L(p) remains finite as p approaches zero signaling pair creation.

4.2 Beta functions

Recall that the Wilsonian beta function for SQCD is given by

3
9sqQco
1672

By =~ (BNe = N¢(1=0)), (4.3)

where g is the anomalous dimension of the quark superfield. We choose to calculate the
equivalent quantity

d 472 1

B=n = o (3Ne = Ny(1 =) (44)

There are two distinct ways to establish a relation between the Wilsonian cut-off 4 and the
radial direction p discussed in the literature [B0], sometimes referred to as the holographic
relation and the stretched string relation. Since we only know our solutions numerically,
and the stretched string relation is much easier to implement, we will restrict ourselves to
the latter. In other words, we use the following relation between the Wilsonian cut-off and

Hp) = 2 \/— / Ik . (4.5)

This is shown for our usual representatives in figure f]. The range of 1.2 < p < 2.5 for which

the radial distance
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both the supergravity approximation is valid and the KK-modes are negligible corresponds
to one order of magnitude in energy for the solution starting at e9™" /N, = py = 1.4 and
e?! = 0. The range can be made arbitrarily large by making po small.

In figure f we show the numerical results for the beta functions. For the range of 1.2 <
p < 2.5 the beta functions are monotonically decreasing. They start at values smaller than
0.5 and approach zero for large values of p. This means that the anomalous dimension is
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always negative and approaches —1/2 from above in the UV.

5. Conclusions and future directions

In this paper we found new supergravity backgrounds incorporating the backreaction of a
large number Ny = 2N, of flavor D5-branes. Among the solutions presented, we identified a
one-parameter family of solutions that describes the corresponding near-horizon geometries.
We therefore expect this family to be dual to an SQCD-like theory. We calculated the
Wilson loops and beta functions of these backgrounds finding a behavior that is consistent
with the claim that it is dual to an ' = 1 SQCD-like theory with Ny = 2N, matter in
the fundamental representation. There are several issues related to the present work that
deserve further study:

e The field theory dual to the backgrounds presented here needs to be better under-
stood. This problem can be approached from different, complimentary angles. From
the supergravity side, it would be interesting to calculate field theory observables
such as spectra of glueballs, mesons, and baryons, and compare them with results for
the CVMN background [[[J, B7]. Seiberg duality and its geometric realization needs
to be explored. It would also be very desirable to have a detailed construction of the
field theory from the open string side.

e The universality of the shear viscosity to entropy density coefficient [B§-[0] was a suc-
cessful result that opened the possibility of studying real-life finite temperature QCD
with gauge/gravity methods. Several QGP signatures have been investigated [[]]
yielding a promising picture. However, all the non-extremal gravity backgrounds
used to date do not incorporate dynamical quarks. It is unclear whether finite tem-
perature NV = 4 SYM can capture the dynamics of QCD above the deconfinement
transition with enough precision to be useful in RHIC physics. Thus, finding a black
hole solution of the backgrounds presented here and studying its hydrodynamic prop-
erties and QGP signatures is undoubtedly an interesting problem but we suspect that
one might encounter problems similar to the ones discussed in [[§]. It was observed
there that in the CVMN background, the SYM modes do not seem to cleanly de-
couple from the massive Kaluza-Klein modes and there seem to be no black hole
solutions for which the Hawking temperature is less than the Hagedorn temperature
of LST. It still seems worthwhile to understand whether these problems persist in
our setup.

e Another avenue to explore in the quest for a QCD-like dual is finding a stable non-
SUSY deformation [[fJ] of the backgrounds presented here.
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A. Stability analysis

In this appendix, we will discuss the stability of probe D5-branes in both the CVMN
background and our background that takes into account the backreaction to the presence of
smeared flavor branes. The probes will extend along the four-dimensional spacetime, along
the Hopf fiber inside the three-sphere parametrized by v, and along the radial direction.
While Euler angles are convenient coordinates on the three-sphere in the rest of our paper,
they are not very convenient for the stability analysis, and we therefore change to spherical
polar coordinates on the S as follows:

Xt = cosgcos (ﬁ;w = sinwcos v, (A.1a)
X3 = cosésin(ﬁ;w = cosw, (A.1b)
X2 :sin:sin(ﬁ;w = —sinwsinvsinu, (A.1c)
Xlzsingcoscﬁ;w = sinwsinwvcos u . (A.1d)

If we denote the worldvolume coordinates by (£#,0,p),'® the cylinder solution we are
interested in is described by the embedding

a0, p) = €, u(&",o,p) =0,

r(&",0,p) = p, v(E o, p) = g (A.2)
0(&",0,p) = b0, w(eh o) =3,

@(&",0,p) = ¢o.

Using reparametrization invariance of the worldvolume theory, we can write the most
general fluctuations around this background as follows:

zH (&, o,p) = &, u(é,o,p) =0,
r(&o.0) =, v(e,0,p) = 5 + alE0.p). (A.3)
66", 0,p) = b0+ (", 0.p). w(E,0,p) = 5 +BE".0,p).
(£ 0,p) = po + B(E", 0, p).

15We take o to have period 2.
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The fluctuations d,ﬁ correspond to translations on the two-sphere and it is easy to see
that their zero-modes will have a flat potential, allowing us to drop them from our analysis.
Furthermore, we can convince ourselves that o and ¢ dependence of o and 3 will yield a
positive contribution to their energy. Therefore, when analyzing the stability, we can limit
ourselves to fluctuations of the form

a0, p) = &, u(&,o,p) =0,
r(&",o,p) =p, v(,o,p) = g +alt,p),
6(¢",0,p) = b0, w(e o.p) = 5+ Blt.p). (A.4)
e(€",0,p) = po.

A.1 Stability of the cylinder solution in the CVMN background

We are now ready to study whether there are unstable modes corresponding to the brane
slipping off the three-sphere. The worldvolume action is given by

Shavor = _TS/ d6x6¢/2 v —Y(6) + T5/ P [C(G)] ’ (A5)
Mg Me

where g() is the determinant of the pull-back of the metric on the target space and P [C(G)]
denotes the pull-back of the six-form via the embedding map. The six-form is given by

2¢
Cloy = -da® Ada' Ada® Ada® A C, (A.6)

where C is given by
C= ((a2 —1)a?e 2" - 16€2h> cos Odyp A dr
—(a® = De 2W® Adr + d/ (sin 0dp Aw +do Aw?) . (A7)

For our embedding we find that, in units of the brane tension, this leads to a potential for
the fluctuations given by

V(a,p) = e* (cos acos ff— i(l — a?)e " cos? ar cos? ﬁ) . (A.8)

This depends on the radial coordinate via the dilaton and the functions a and h. It turns out

to be tachyonic for all values of the radial variable. It is shown for a sample value of the ra-

dial variable in figure f]. To quadratic order in fluctuations, the action ([A-5) takes the form'©

%(0/2 +87%)

_% (%e‘zh(l —a?) — 1> (o + ﬁ2)> : (A.9)

1 .
Sﬁavor = T5/ d6xe2¢ <_(d2 + 52) -
Me 2

16 A prime denotes a derivative with respect to the radial variable.
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Figure 9: This plot shows the potential for fluctuations around the cylinder solution in the CVMN
background for a generic value of the radial variable.

Clearly this quadratic action has an SO(2) symmetry acting on the fluctuations o and [,

so that only 8(t, p) = \/a(t,p)? + B(t, p)? has a potential, and we can focus our attention
on this mode. Its equation of motion takes the form

. 1
0 =10"+2¢'8' + (1 - 56_2’1 (1- a2)) 5. (A.10)

As usual, this can be solved by separation of variables. Introducing 6(¢, p) = T(t)e=?¥(p),
we find the following system of ordinary differential equations:

T = —MT, (A.11)

i (¢’2 +¢" -1+ ée_%(l - a2)) U= M?V. (A12)

We see that there will be a tachyon, i.e., an exponentially growing mode, if the second

17

equation has normalizable solutions with negative eigenvalues. This is now just a

one-dimensional quantum mechanics exercise with a potential
5 (cosh4p — 8p? — 1)2
cosh4p + 8p% — 1 — 4psinh4p)?’

(A.13)

Vip)=¢*+¢" -1+ %e_% (1-a?) = (

which is shown in figure [0
Clearly, since the potential is positive definite, there are no eigenfunctions with negative

"The condition of normalizability is imposed on us by the requirement that the energy in a fluctuation
be finite.
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Figure 10: This plot shows the potential (A.13) of the Schrédinger problem ([A.19).

eigenvalues and hence no tachyons implying that the cylinder solution is indeed stable in
the CVMN background. In fact, using the usual norm we are used to from quantum me-
chanics,'® there are no normalizable eigenfunctions at all, implying a continuous spectrum
of fluctuations. This might be somewhat surprising since one might expect these fluctua-
tions to correspond to part of the meson spectrum. We might wonder if one should in fact
cut off the integral at the value of the radial variable at which the dilaton becomes too large
to be able to trust supergravity, which would make the spectrum discrete. Fortunately,
independent of this issue, the positivity of the potential already implies stability. Together
with kappa symmetry this tells us that the cylinder solution is indeed supersymmetric in
the CVMN background and it seems reasonable to smear it over the transverse directions.
One might be worried that the smearing could introduce an additional instability but we
will see in the next subsection that this is not the case. We attribute this to the fact that
the fiber the branes wrap is non-trivially fibered over the base space.

We should point out that we have chosen the orientation of the brane so that it is kappa
symmetric as well. If one reverses the orientation of the brane the last term in the
potential changes sign and the potential is in fact no longer positive definite and does
admit a bound state with negative energy corresponding to a tachyon.

A.2 Stability of the cylinder solution in the backreacted background

Now that we have convinced ourselves that a single probe brane in the CVMN background
embedded as described above is supersymmetric it makes sense to try to smear it and
take the backreaction into account. To make sure that the smearing does not spoil the
supersymmetry we check that an additional probe D5-brane is still stable. In appendix
we check that it is also kappa symmetric. Again, we will see that the only possibly dan-

18To analyze stability in gravitational systems with a timelike Killing vector one checks that the energy
is positive for all fluctuations for which it converges. The usual quantum mechanics norm in our case is
equivalent to the norm induced by the energy functional.
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V(a.p)
0.2

Figure 11: This plot shows the potential for fluctuations around the cylinder solution in the
backreacted background for a generic value of the radial variable.

gerous modes are the modes corresponding to the brane slipping off the three-sphere. The
worldvolume action is of course still given by ([A.F). The six-form in our case is given by

Cle) = %e%d:vo Adzt Adz? Adxd Adp A (WP — A3). (A.14)

For our embedding, we find that this leads to a potential for the fluctuations given by

V(a,pB) = e <ek COS (¢ COS ﬂ\/eQQ (sin? o cos? 3 + sin? 3) 4 e2¥ cos? acos? 3

— N, cos? a cos? ﬂ) . (A.15)

Again, this depends on the radial coordinate via the dilaton as well as through the functions
k and g. For all values of the radial variable for which the supergravity approximation can
be trusted, this is no longer tachyonic. The presence of the flavor branes has stabilized
this mode.' It is shown for a sample value of the radial variable for the solution in
the decoupling limit with py = 1 in figure [[]. From this, we can already guess that the
configuration will be stable, but we will be careful and complete our analysis. To quadratic

9This statement clearly depends on the orientation of the probe brane. We have checked that for the
kappa symmetric configuration it is stabilized while for the opposite orientation it is tachyonic.
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order in fluctuations the action (A.§) takes the form?°

1 . . 1
Sﬂavor — T5 d633‘€2¢ <§e2k+2g(a2 + ﬁ2) _ §e2g(a/2 + ﬁ/2)
Mg
1

-3 (629 _ 2(6% _ NC)) (a2 + ﬁ2)> ) (A.16)

Again, this action has an SO(2) symmetry acting on the fluctuations a and 3, so that

only 6(¢, p) = \/a(t,p)? + B(t, p)? has a potential, and we again focus our attention on this
mode. Its equation of motion takes the form

6 = e 207 2k=29 <62¢+295'>/ —e 2k (629 -2 (e% - Nc>> J. (A.17)

Introducing 6(t, p(z)) = T(t)e~?~97%/2W(x) and defining a new radial coordinate z via
dz = e*dp we find the following system of ordinary differential equations

T=—M>T, (A.18)

k' 2 k"
—xlf”+<<5+ g'+¢’> + <7 +g”+¢”> e2-2 (e29—2 (e%—NC)))\If:M?xII, (A.19)
where the prime now indicates a derivative with respect to z. As before, a tachyon
corresponds to a normalizable solution of the second equation with negative eigenvalue.
Again, we have reduced the problem to a one-dimensional quantum mechanics exercise
with a potential

k' 2 L
V) = (Sag ) + (G Hd) e o a o), (a20)

which is shown in figure [3. Somewhat surprisingly, the potential is no longer positive
definite, and it even seems that it might admit bound states with negative energy
eigenvalues. We must, however, remember that our supergravity solution is singular and
can only be trusted far enough from the singularity. We therefore argue that one should
impose a hard cutoff, i.e., introduce an infinitely high wall, at the value of the radial
variable below which supergravity breaks down. The value of the radial variable below
which supergravity breaks down for this particular case is indicated by the dashed line.
With a cutoff, the potential will once again not lead to any eigenfunctions with negative
eigenvalues, and we conclude that tachyons are absent even once we have smeared the
branes and taken the backreaction into account. The same remarks about the norm that
we made for the CVMN background apply for our solutions as well but this issue still does
not alter the conclusion that the configuration is stable under small fluctuations.

B. Derivation of BPS equations and kappa symmetry

In this appendix we derive the BPS equations of type IIB supergravity for our ansatz
following [[IJ, [[0].2 We then derive the kappa symmetry condition [, f4] for a single

20 A prime denotes a derivative with respect to the radial variable, p.
2'We are considering the special case b(p) = 0,2 = 2 of [E] and use the rescaled radial coordinate
dp = e "dr.
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V(X)

0.5

Figure 12: This plot shows the potential ([A.20) of the Schrédinger problem (A.19) for the near
horizon geometry with pg = 1.

flavor probe brane localized in the 0, ¢, 8, $ directions. Since our background is a solution
to the BPS equations, the stability of the branes shown in appendix [A together with the
kappa symmetry implies that the system is supersymmetric [B0|.

B.1 BPS equations

Recall that the RR 3-form field strength in the vielbein basis (R.10) is
Fs) = —2N,e 37297kl A 2 A eB + %6_3f_2h_k (a2 — 1) e Ae? A e
+ Noe 3/ ~h=9-ky <e€ Ae?+ef A el) Aed. (B.1)

The non-vanishing components of the spin connections are
Wit = eIk et WP =e IR 1 k)P,

W= = ia/e_f_hﬂ]_kep’ w'?=w? = asinh(k — g)e /"3,
Wepze_f_k(furh,)ee+%a,e_f_h+g_kel= ww:e—f_k(f”rh')e“p_%a'e_f‘h“’_kez,
W= T (f 4g)e! +ia’e‘f okl 2 IR (f 4 g ) - ﬁa'e-f—hw—kew ,

wB=—e ITF29e1 g™/~ cosh(k—g)e? w21:(_€_f+k_2g+2e_f_k el —e " Ieot Oe?,

1
W= TF=2902 L ge= /P cosh(k—g)e?, W= —Ze_zh_f““ (a®>—1)e? —e " cot he?
1
w3 = —Ze_zh_fJ’k(a2 —1)e? + ae= P sinh(k — g)e!,

1
W = Ze_%_ﬂk(a2 —1)e? + ae P sinh(k — g)e?.
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The supersymmetry variations for the dilatino A and the gravitino 1, in the Einstein frame
are given by [

1 |
X = STt g AT € Fyp
[}
, ¢
5 = Oue + 7w Tape + %(r;‘wm — 05T )i€ Fly e (B.2)

where A, ¢, and € are complex Weyl spinors.

If we write € = e4 + e_ such that ie* = e; — e_ and then solve the variations for e, it is
easy to verify that this implies that they cannot be solved for e_. We can therefore drop
the index and impose that ie* = e.

Furthermore, € = €(p) because of the symmetries of our ansatz for the metric.

The spinor € also has to satisfy the condition that

This follows, for example, from demanding that the ¢ dependent part of 1), vanishes and
corresponds to demanding that the color branes wrap a supersymmetric 2-cycle.
The dilatino variation is

1 1 N,
o\ = §¢'e_ffpe + Ze‘z’/z ( — 2N, e 37297k g + 7Ce_i)’]c_2h_I€(CL2 — 1)lges
+ N3 —h=9=kq(Tp, + F¢1)F3>e. (B.4)

Comparing this with the z*# components of the gravitino variation, we find that ¢ = 4f.
Using this and multiplying the equation above with 2e/T'153/¢', we have

I‘p123€ = (A + BF«pQ)Ev (B5)

where

From the conditions (Fp123)26 = e and {I',123,'y2} = 0, it follows that
A2+ B2 =1. (B.8)
Therefore, we can write A = cos a, B = sin a. The projection condition (B-H) then becomes
I'pi03€ = eleze, (B.9)
In terms of ¢y defined by € = e~ 20%2¢), this projection conditions is simply

I'p123€0 = €. (B.10)
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From the p component of the gravitino variation, we find

/
1
Dpe — % - Za’e—’”grwe =0, (B.11)
which gives
/ /
1
Ipeo — %Fmeo - % - Zafe—thgrﬂeo = 0. (B.12)

Solving the terms with and without I' 2 independently, we have
1
o = —§a'e_h+g and o = /%, (B.13)

where 7 is a constant spinor satisfying the same projections as €.
To summarize, our Killing spinor € is of the form

Sy, (B.14)

[e3
e =c¢ 20w

where 7 is a constant spinor satisfying the projections
Ip123m =1, Loon = T'127, in" =n
and « is obtained by integrating

1,
of = —Zde 9,

From the remaining variations, we obtain two equations each, one from the part propor-
tional to € and the other from terms proportional to I'jz¢.
From 61, = 0 or A = 0, we get

N. . _ N. , _ T
f/ = ZA@ 29 _ EA@ 2h(a2 - 1) - ZaBe . ch’ (B15)
1
0 = A+ Be'™ = Bet ™ (a? ~ 1), (B.16)

From 01 = 0 or equivalently from 1, = 0 and using the previous expressions, we get

Ne 4 .
W = —Bae "tk <cosh(k: —g)— =S¥ g> — ZAemMH2k (g2 1)

2 4
+%Ae‘2h(a2 -1), (B.17)
a = —4Aae 9"  cosh(k — g) + Be 97"+ (g2 — 1) — 2N Be =39
—%B’e—h_g(a2 —1). (B.18)

From 611 = 0 or §ipo = 0, we get
Ne o _pe _
g = Ae*7% — Bae " Fsinh(k — g) + 78&6 h=9 _ N, Ae™9 (B.19)

0= Aa+ Beh=9 — %Beg_h(a2 —1). (B.20)
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Note that (B.2() is the same as (B.14).
From ¢35 = 0 and (B.16), one finds

1
K = —Ae?*29 1 24 4 Z.z‘le_2th2]“(a2 —1) 4 2aBe " sinh(k — g)

Ne o _ e
~N.Ae™ %9 + ZAe 2h(a? —1) + NBae "9, (B.21)
0 = 2B+ ade? ™", (B.22)
It is straightforward to check that for a(p) = m, these equations imply
9 = 1tanh2 A = tanh2 B=— = (B.23)
2 P N P ~ cosh2p’ '
and
9,9 = % — N, (B.24)
dpk = —(e** + N.)e "9 + 2 coth 2p, (B.25)
Ne _ 4o
Opf = —e* h, (B.26)

B.2 Kappa symmetry

Now we follow [[J] and show that a single probe flavor brane in the backreacted background
is kappa symmetric. We take the flavor brane to extend along the x*, p, and 9 directions

and at fixed 0, ¢, 0,p. For € = ie* and in the absence of a worldvolume gauge field and
B-field, we have to show that

Fpe=ce, (B.27)
where
I'. = 171 Eml...m6,7 1 6 (B 28)
K mi...mo- .
6! —¢©)

97(7?21 = 0 X10, X" gy and 7y, = 8mX“eZFa are the pullback of the metric to the world-
volume of the brane and the induced Dirac matrices on the worldvolume of the brane,
respectively. For our embedding, we can choose x*,, and p as worldvolume coordinates.

This gives
f ef Tk f+k L 6ryon
Vor = €' Tauy, vy = 5 I3, 7,=¢eTT,, —g(6) = 3¢ . (B.29)
We therefore need to show that
Lre = Tgop142533 € = €. (B.30)

Since € is a spinor of definite chirality of type IIB supergravity we know that it satisfies
L10414243 ppp123€ = €. From multiplying (B.) by I'yo,1,2,30, We get

I yog1,2,3 (cos al'g, +sinal'py) € = €, (B.31)
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and from multiplying (B.5) with I'g,, one can show that
(cos al'g, + sinal'gy)e = I'zpe. (B.32)
So we find that
Lre = Top142583,€ = €, (B.33)

which means that the probe brane is kappa symmetric. Note that this derivation does not
depend on the angular coordinates and is therefore true independent of the brane’s position.

C. Analytic solutions

In this appendix, we derive the analytic solutions given above in section B.4, compare them
to the numerical solutions, and discuss some of their properties.
C.1 The solution in region I

This region is characterized by €2 <« N.. One might simply drop e2* from the equa-
tions (B.4), but we will take a more systematic approach and treat e?k as a small pertur-
bation. If we define

eIt = No(3 + 67), (C.1)
e = N.ok, (C.2)

and keep only terms up to first order in small quantities, the equations become
apﬁ/ = _17
2
0pIn 0k = —= 4+ 4 coth 2p.
Y

This set of equations has the the solution

1 .

8
— (p— po) coshdp — po + =p (p* — 3ppo + 3p3)> ;

eI IN. = po — p +

3
. 2
ok sinh 2p < p >>
e“" /N, = 1—- = . C.4b
/ < 2pr Po ( )
To zeroth order in e2*, the result is
eV INe = po — p, (C.5a)
. 2
% sinh 2p ( p >>
e /N, = 1—— . C.5b
/ ( 2p1 Po (C:5b)
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Figure 13: The shaded region in this plot shows the region in py — p; parameter space for which
the solutions are contained entirely in Region I. The solid line shows the function ps min(p0)-

Solutions contained entirely in region 1. In order for solutions to be contained
entirely in Region I, we have to impose that e?* < N, for all values of p. This is satisfied

sinh 2p <1 - ﬁ) < 1. (C.6)
2p1 Po

if for all p

For these solutions, €* has a maximum and it is enough to impose that the value at the
maximum be much less than N.. The maximum is located at a value p given by

inh 2 1
(sm P <1 — £>> = (2(po — p) cosh 2p — sinh 2p) . (C.7)
p=p \ 2p1 Po 2popr

d

!
Ozd_p

So, p is given by the solution of
2(po — p) = tanh 2p. (C.8)

From this it is clear that p will only depend on py and not on p;, and we can rewrite the
equation ([C.4) as a relation between p; and po:

1 . _ 0
pr> 3 sinh 2p(po) <1 - %) = pr,min(po)- (C.9)

This can be solved numerically. The result is shown in figure [[3.

Comparison of numerical and analytic solution in region I. To get an idea of how
good the analytic solutions given in (C.4) are, we compare them to the exact numerical
solutions for pg = 1 in figure [14 for three different values of p; given by 2, 4, and 8 times
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Figure 14: Comparison of the exact numerical solution shown as a solid line and the approximate
solution according to (@) shown as a dashed line for pg = 1 and pr = 2p1min(p0), P1 = 4P1,min(P0),
and p; = 8p1,min(po), in the top, middle, and bottom row, respectively.

the bound prmin according to () We see that the further we move inside the shaded
region of figure [L3 the better the approximation becomes. We also see that for values of the
parameters pg and py near the border, we should keep the next order in our expansion for
e?* and that away from the border, even the approximation (C.§) is in excellent agreement

with the numerical results.

C.2 The solution in region II

This region is characterized by e9™ > N. e?. Under these assumptions, the equa-

tions (B.4) become

h+g _ 2k
0, =™ — N,

(C.10)
0,k = 2 coth 2p.
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These equations have the solution

N, = po— p— L 4 Snhdp C.11
€ / c pPo—p 8p12 + 32p12 ) ( )
. 2
2% sinh 2p
N, = . C.12
- (482 e
Clearly, these solutions will only be valid as long as
. . 2
P sinh 4p sinh 2p
—p——= + — 1 . C.13
PP B T B2 ’ ( 2p1 (C13)
C.3 The solution in region III
This region is characterized by e€* > N.. The equations in this region become
9, e — o2k
o oAk o (C.14)
0pe™ = _2eg+h + 4e*" coth 2p.
These have the solution
eIM /N, = A (8B — 12p + 3sinh 4p)3 , (C.15a)
8Asinh?2
e /N, = e & (C.15b)

(8B — 12p + 3sinh 4p)3

Here A and B are so far arbitrary integration constants. We will see how to relate them

to more useful quantities below.

Solutions contained entirely in region III. For solutions to be contained entirely in

Region III, the condition e2* > N, has to hold for all p, in particular for p — 0. This

implies that solutions contained entirely in Region III must have

B =0.
The solutions (C.15) therefore become
eI N, = 334 (sinh4p — 4p)% ,
8Asinh? 2p

2k
e /N, = .
¢ 33 (sinh4p — 4p)%

After identifying

ol

A= 6—1 )
2333
these can be seen to correspond to the deformed conifold [B1]

wl—=

€3 (sinh4p — 4p)

€g+h/Nc: - ,
Y
2 2%3' h22
2, - 2 st
3 (sinhdp — 4p)3
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Figure 15: Comparison of the exact numerical solution shown as a solid line and the approximate
solution according to ) shown as a dashed line for e = 10, e = 100, and ¢ = 1000, in the top,
middle, and bottom row, respectively.

In order for this to be contained entirely in Region III we require

3\ 1
€ > <§> ~1. (C.21)

Comparison of numerical and analytic solution in region III. A comparison of
these approximate solutions to the exact numerical solutions in this region are shown in
figure [LJ. As was to be expected, the approximate and numerical solution agree better and
better the larger the deformation parameter € is.

C.4 Matching solutions in regions II and III

The matching of the solutions in Regions IT and III cannot be done in general, but we can
do so in two limiting cases, namely p; < 1 and p;y > 1.
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Matching for p; < 1. In the case of small p;, e9*" approaches its minimum value for
small p and for small enough p; the matching can be done for values of p that are small
compared to unity but large compared to p;. For p < 1, the solutions in Region II and
11T take the following form:

Region II.
+h p°
ed /Nc — po + W’ (022)
0
e /N, — . (C.23)
pr?

In particular this implies that we need pg > 1 to ensure the validity of the approximations
we used to find this solution.

Region III.
e9Th /N, — 2ABS, (C.24)
8A
ek IN, — =52, (C.25)
B3
This implies
2
L po\?
= - | — dB =14 . 2
5 <2p1> an popI (C.26)

The solution can therefore be written as

po—p—é%JrSg;};é*” p < pa
eI N, = 1 , (C.27)
00 (1 8pop1 (3p Slnh 4p)> P> Px
and similarly
. 2
<smh 2p)
P < px
2 IN, = %P1 2 : (C.28)

. 2
h2 :
<Slgpl p) <1 8p0p1 (3p — 2 sinh 4p)) P> P

where p, is the value of p for which we match the two solutions. For our approximations
to be valid, we require py > 1 as well as pr < p. < /popr. We can choose a p, such that

1
P K (popﬁ) 3. Introducing a small additional error especially for small p for p; < 1, we
can write the solution as follows for all values of p

eI N, = po (1 — L (35— 2 inha % (C.29a)
¢ = Po 8pop12 P 4 P ) .

. 2 —

%k sinh 2p> ( 1 < 3 . >> '
e /N, = 1——|3p— -sinh4 . C.29b
/ ( 2p1 8oopr? \" 4 P ( )

[SMIN]
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Matching for p;r > 1. For p; > 1, the function e9*" takes its minimum for p > 1,
and so the matching will also be done for some value p, > 1. In this limit, the solutions
in Regions II and III take the form

Region II.
ath /N, i C
— .30
e / C_>p0+64p127 ( )
4p
2k €
e /N, — Topr2" (C.31)
In particular this implies that we need pg > % > 1 to ensure the validity of the
I
approximations we used to find this solution.
Region III.
3 1
eIth /N, — A <8B + §e4ﬂ> : (C.32)
24e"
N, > — (C.33)
(8B + 3etr)s
Matching these then leaves us with the same conditions as before
1 2
Po \3
A== — d B=4 . C.34
5 (2)" and = dmpy (C.31)
Again, the solution can be written as
1p sinh 4p
po_p—§_2+ 32,2 P < P«
eIt N, = g e , (C.35)
1 3 3
£0 (1 = Spopr (3p -1 smh4p)> P> Py
and similarly
. 2
<smh 2p)
25 P < P«
ek INg = e %P1 2 : (C.36)
<%) <1 B 8p01p12 (30— %sinhélp)) PP
where now the value of p, has to be chosen so that it satisfies
1 1
3 Indpr <€ ps K 3 In4\/popr. (C.37)

Clearly, this is only possible if we take pg > 1, but this is consistent with what we have
assumed above. If we take pg > ps, this simplifies further and we can, again introducing
a small additional error, write the solution in closed form

eIt N, = po <1 + sl 2) T 2 (C.38a)
64popr
. 2 4 _2
2% sinh 2p 3e™ 3
N, = 1+ —— . .38b
e/ < 2p1 ) < " 64popr? (C-38)
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Figure 16: Comparison of the exact numerical solution shown as a solid line and the approximate
solution according to () shown as a dashed line for pyp = 8 and p;y = 107!, p; = 1072, and
pr = 1073, in the top, middle, and bottom row, respectively.

Comparison of numerical and analytic solutions. The approximation (C.29) is
compared to the numerical solution for pg = 8, for p; = 107!, p; = 1072, and p; = 1073
in figure [[. As can be seen, the approximation works reasonably well and the accuracy
increases as py decreases. The approximation () is compared to the numerical solution
for pg = 20, and for p; = 5, p; = 10, and p; = 20 in figure [[4. Again, the approximation
works reasonably well and the accuracy increases as py increases.
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Figure 17: Comparison of the exact numerical solution shown as a solid line and the approximate
solution according to ([C.3§) shown as a dashed line for py = 20 and p; = 5, p; = 10, and p; = 20,
in the top, middle, and bottom row, respectively.
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